In this work, we present a new concept of Stepanov weighted pseudo almost periodic and automorphic functions which is more generale than the classical one, and we obtain a new existence result of µ-pseudo almost periodic and µ-pseudo almost automorphic mild solutions for some nonautonomous evolution equations with Stepanov µ-pseudo almost periodic terms. An example is shown to illustrate our results.
Introduction
In this work, we study the existence and uniqueness of µ-pseudo almost periodic and µ-pseudo almost automorphic mild solutions to nonautonomous neutral partial evolution equations 
u(t) + f (t, u(t))] = A(t)[u(t) + f (t, u(t))] + g(t, u(t)) for t ∈ R, (1.1)
where A(t) generate an exponentially stable evolution family (U(t, s)) t≥s , f : R × X → X is µ-pseudo almost periodic functions, and g : R × X → X is Stepanov µ-pseudo almost periodic function. Pseudo almost periodic functions and pseudo almost automorphic functions have many applications in several problems, for example in theory of functional di erential equations, integral equations and partial di erential equations. Recently, the existence and uniqueness of pseudo almost periodic mild solutions to di erential equations in Banach spaces has attracted many researchers (see, [29, 34, 35] ) and the notion of weighted pseudo almost automorphy has been introduced for the rst time by Blot et al. in [7] . The concept of almost automorphy is then larger than almost periodicity. On the other hand, N'Guérékata and Pankov introduced the concept of Stepanov-like almost automorphy and applied this concept to study the existence and uniqueness of an almost automorphic solution to the nonautonomous evolution equation in [27] . Moreover, Cieutat , Blot and Ezzinbi. [8] introduced the concept of µ-pseudo almost periodicity, is a natural generalization of the classical concept of weighted pseudo almost periodicity in the sense of Diagana [18, 20] . More recently, [9] introduced the concept of µ-pseudo almost automorphy, is a natural generaliza-tion of the classical concept of weighted pseudo almost automorphic in the sense of Diagana [21, 22, 24] . In recent paper [32] , authors gave a results on the existence and uniqueness of pseudo almost periodic solution for equations (1.1) , where the impute function is S p pseudo almost periodic. In this work, we use the new approach of weighted almost periodic functions developed recently in [8] . In particular, in [33] Zhanrong Hu and Zhen Jin, proved the new existence and uniqueness theorems of pseudo almost automorphic mild solutions to the equation (1.1). For contributions on nonautonomous evolution equations in Banach spaces, see [23, 26, 32] . In this paper, motivated by [8, 9, 32, 33] , we use the measure theory to de ne an Stepanov-ergodic function and we investigated many interesting properties of such functions, we study the completeness and the composition theorem of the functional space of µ-pseudo almost automorphic functions and µ-pseudo almost periodic functions in the sense of Stepanov.
The organization of this works is as follows. In section 2, we introduce the basic notations and recall the de nitions and lemmas of µ-pseudo almost periodic function introduced by [8] , and we give the new concept of S p − µ-pseudo almost periodic using the measure theory and we investigate many properties and we introduce the basic notations of evolution family and exponential dichotomy. In Section 3, we study the existence and uniqueness of µ-pseudo almost periodic solutions of (1.1). In Section 4, we give the new concept of S p − µ-pseudo almost automorphic using the measure theory and we investigate many properties and we study the existence and uniqueness of µ-pseudo almost automorphic mild solutions of (1.1). In section 5, we give an example to illustrate our results.
Preliminaries . µ-pseudo almost periodic functions
Let (X, ||.||), (Y, ||.||) be Banach spaces, and BC(R, X) (respectively, BC(R × Y, X)) be the space of bounded continuous functions f : R −→ X (respectively, f : R × Y −→ X). BC(R, X) equipped with the sup norm ||f || = sup t∈R ||f (t)|| is a Banach space.
De nition 2.1 ([4]
). A continuous function f : R → X is said to be almost periodic if for every ϵ > there exists a positive number l such that every interval of length l contains a number τ such that
We denote the space of all such function by E(R; X, µ).
De nition 2.4 ([8])
. Let µ ∈ M. A continuous function f : R → X is said to be µ-pseudo almost periodic if it is written in the form
where g ∈ AP(R; X) and h ∈ E(R; X, µ). The collection of such function will be denoted by PAP(R; X, µ).
We formulate the following hypothesis that we take from [8] .
(M1) For all a, b and c ∈ R, such that ≤ a < b ≤ c, there exist τ ≥ and α ≥ such that
(M2) For all τ ∈ R, there exist β > and a bounded interval I such that
De nition 2.6 ([8])
. Let µ , µ ∈ M. µ is said to be equivalent to µ , if there exist constants α > and β > and a bounded interval I (eventually I = ∅), such that
Theorem 2.7 ([8])
. Let µ ∈ M satisfy (M1). Then the decomposition of a µ-pseudo almost periodic function in the form f = g + h, where g ∈ AP(R; X) and h ∈ E(R; X, µ) is unique.
De nition 2.10 ( [8] ). Let µ ∈ M. A continuous function f : R × Y → X is said to be µ-ergodic in t uniformly with respect to y ∈ Y if the following conditions are true
(ii) f is uniformly continuous on each compact set K in Y with respect to the second variable y.
The collection of such function is denoted by EU(R × Y; X, µ).
De nition 2.11 ([8] ). Let µ ∈ M. A continuous function f : R × Y → X is said to be µ-pseudo almost periodic if is written in the form
where g ∈ APU(R × Y; X) and h ∈ EU(R × Y; X, µ). 
De nition 2.14 ( [9] ). Let µ ∈ M. A continuous function f : R → X is said to be µ-pseudo almost automorphic if it is written in the form
where g ∈ AA(R; X) and h ∈ E(R; X, µ). The collection of such function will be denoted by PAA(R; X, µ).
Theorem 2.15 ([9]
). Let µ ∈ M satisfy (M2). Then the decomposition of a µ-pseudo almost automorphic function in the form f = g + h, where g ∈ AA(R; X) and h ∈ E(R; X, µ), is unique.
Theorem 2.17 ([9]). Let µ ∈ M satisfy (M2). Then PAA(R; X, µ) is translation invariant that is, f
De nition 2.18
where g ∈ AAU(R × Y; X) and h ∈ EU(R × Y; X, µ).
The collection of such functions is denoted by PAAU(R × Y; X, µ).
. Stepanov µ-pseudo almost periodic and automorphic functions

De nition 2.19 ([16, 29]). The Bochner transform
De nition 2.20 ([16] ). Let ≤ p < ∞. The space BS p (R; X) of all Stepanov bounded functions with the exponent p consists of all measurable functions f on R with value in
Lemma 2.21 ([16]). (BS
is a Banach space with the norm
De nition 2.22 ([16])
. A function f ∈ BS p (R; X), is said to be almost periodic in the sense of Stepanov (S palmost periodic) if for every ϵ > there exists a positive number l such that every interval of length l contains a number τ such that
In the next, AP p (R; X) denotes the space of all S p -almost periodic functions.
The collection of such functions is denoted by E p (R, X, µ).
To complete the prove it is enough to prove that 
Proof. Let f = g+h ∈ PAP p (R, X, µ), where g ∈ AP p (R, X) and h ∈ E p (R, X, µ). Consider fτ = gτ +hτ, we have 
where
The space of such functions is denoted by PAPU p (R × Y, X, µ). and for all t ∈ R, there exists a constant L such that
We have g(., h (.)) ∈ AP p (R, X) by the composition of S p -almost periodic functions in [15] . So it is su cient 
This imply from yields theorem 2.28, that F ∈ E p (R, X, µ).
Since h (R) is compact, there exist nite number of points u k ∈ h (R), k = , ...n such that for any v ∈ h (R) we have u k − v < δ for some ≤ k ≤ n. Let
De ne a function e : R −→ Y by e(t) = u k for t ∈ B k and k = , ...n, Then h (t) − e(t) < δ for t ∈ R. Hence can be decomposed as f = g + ϕ, where g ∈ AA p (R; X)) and ϕ ∈ E p (R, X), µ).
The collection of such functions is denoted by PAA p (R, X, µ).
Theorem 2.32. Let µ ∈ M satisfy (M2). Then PAA p (R, X, µ), is invariant by translation, that is, if f
∈ PAA p (R, X, µ) implies fτ ∈ PAA p (R, X, µ), for all τ ∈ R.
Theorem 2.33. Let µ ∈ M satisfy (M2). If f
∈ PAA(R, X, µ), then f ∈ PAA p (R, X, µ).
De nition 2.34. Let µ
(R, X) for each y ∈ Y is said to be S p − µ-pseudo almost automorphic in t ∈ R uniformly in y ∈ Y, if it can be decomposed as f = g + ϕ, where
The space of such functions is denoted by PAAU p (R × Y, X, µ).
Theorem 2.35. Let µ ∈ M and f ∈ PAAU p (R × Y, X, µ). Assume that for all u, v ∈ X and for all t
Proof. Using the same argument in theorem (2.29).
µ-pseudo almost periodic mild solution
This section is devoted to de ne the evolution family and exponential dichotomy and we give the existence and uniqueness of µ-pseudo almost periodic mild solution of the equation (1.1).
De nition 3.1 ([30, 31, 36]). A family of bounded linear operators (U(t, s)) t≥s , on a Banach space X is called a strongly continuous evolution family if 1. U(t, r)U(r, s) = U(t, s) and U(s, s) = I for all t ≥ r ≥ s and t, r, s ∈ R, 2. The map (t, s) → U(t, s)x is continuous for all x ∈ X, t ≥ s and t, s ∈ R.
De nition 3.2. An evolution family (U(t, s)) t≥s on a Banach space X is called hyperbolic (or has exponential dichotomy) if there exist projections P(t), t ∈ R, uniformly bounded and strongly continuous in t, and constant M > , δ > such that 1. U(t, s)P(s) = P(t)U(t, s) for t ≥ s and t, s ∈ R, 2. The restriction U Q (t, s) : Q(s)X → Q(t)X of U(t, s) is invertible for t ≥ s and t, s ∈ R ( and we set
U Q (t, s) = U(s, t) − ).
U(t, s)P(s) ≤ Me
for t ≥ s and t, s ∈ R.
Here and below we set Q := I − P.
De nition 3.3. Given a hyperbolic evolution family, we de ne the Green's function by
Γ(t, s) := U(t, s)P(s) t ≤ s, t, s ∈ R −U Q (t, s)Q(s), t < s, t, s ∈ R
Throughout the rest of this article, we suppose the following assumptions:
(H0) There exist constants λ ≥ , θ ∈ ( π , π), L, K ≥ , and α, β ∈ ( , ] with α + β > such that
(H1) The evolution family (U(t, s)) t≥s generated by A(t) has an exponential dichotomy with constants M > , δ > , dichotomy projections P(t), t ∈ R, and Green's function Γ(t, s).
Assume that for all u, v ∈ X and for all t ∈ R, there exists a L f > such that
(H4) g ∈ PAPU p (R × X, X, µ) satis es: For u, v ∈ X and t ∈ R, there exists Lg > such that
De nition 3.4.
A mild solution to equation (1.1) on R is a continuous function u : R → X satisfying
for all t ≥ s.
Theorem 3.5. Let µ ∈ M satisfy (M2). Assume that (H0)-(H2) hold, if h
Proof. Since h ∈ PAP p (R, X, µ), then h is decomposed as follows h = h + h , where h ∈ AP P (R, X) and
We claim that Φ ∈ AP(R, X) and Ψ ∈ E(R; X, µ). Firstly, we have to show that Φ ∈ BC(R, X). Let
For each t ∈ R and n = , , , ..... Let q > be such that p + q = , where p > . Then
Using the fact that, ∞ n= e −δn , is convergent, we deduce that the series
and Φ ∈ BC(R, X).
For the rest of the proof we need the following Lemma :
Lemma 3.6. [12] Assume that (H0)-(H1) hold. If t → R(λ , A(t)) ∈ AP(B(X)), then r → Γ(t+r, s+r) ∈ AP(B(X)) for t, s ∈ R.
Next, we claim that Φn ∈ AP(R, X) for n = , , .... In fact Let ϵ > , using assumption (H2) and from the previous Lemma (3.6). We know that r → Γ(t + r, s + r) ∈ AP(B(X)) for t, s ∈ R. Hence, there exists l(ϵ) > such that every interval of length l(ϵ) contains a number τ > with the property that, for t ∈ R, σ > : 
dµ(t).
Sine h ∈ E p (R, X, µ), then the left side of inequality tends to when r tends to in nity. that means that
n≥ e −nδ < ∞, we deduce that n≥ Ψn converges uniformly to Ψ.
From the following inequality µ([−r, r])
For all n ∈ N, we get Ψ ∈ E p (R, X, µ). This completes the proof.
Lemma 3.7. Let µ ∈ M satisfy (M1) and (M2). Assume that (H0)-(H2) and (H5) hold. Then the operator Λu de ned by
Proof. Let u ∈ PAP(R, X, µ). From hypothesis (H4) and Theorem (2.29), we have h(.) = g(., u(.)) ∈ PAP p (X, µ). From the previous theorem, we get Λu ∈ PAP(R, X, µ). 
Proof. De ne the nonlinear operator Λ on BC(R, X) by :
Let u ∈ PAP(R, X, µ), using Assumptions (H4), and Theorem (3.5), we deduce that Λ is well de ne and maps
U(t, s)P(s)g(s, u(s)) − U(t, s)P(s)g(s, v(s)) ds
Which implies that
Then Λ is a contraction map on PAP(R; X, µ). Therefore, Λ has unique xed point in PAP(R; X, µ), that is, there exist unique u ∈ PAP(R; X, µ) such that Λu = u. To prove that u satis es equation (3. 3) for all t ≥ s and all t, s ∈ R, we have
Multiply the both side of the equality by U(t, s), we get:
Then u veri es (3.3) and u is a mild solution to equation (1.1). Therefore, (1.1), has unique µ-pseudo almost periodic mild solution.
µ-pseudo almost automorphic mild solution
This section is devoted to the notions of µ-pseudo almost automorphic function introduced by [9] , and we give the concept of Stepanov µ-pseudo almost automorphic functions, then we give same properties of these Using the Holder inequality and Lemma (4.1), we obtain. For each t ∈ R and n = , , , ..... except that one makes use of (4.1) instead of equation (4.2). Consequently, Φn is almost automorphic. Thus, Φn ∈ AA(R, X)), the the uniform limit Φ = n≥ Φn is almost automorphic. Now we show that Then the equation (5.1) takes the abstract form of (1.1). Consider the measure µ where its Radon-Nikodym derivative of ρ(t) = e |t| , then µ ∈ M satisfy (M1) and (M2).
To establish the existence of µ-pseudo almost periodic of equation (5.1), we suppose that (i) The function f belongs to PAP(R × X, R, µ) and satisfy the property that there exists l f > , such that f (t, u) − f (t, v) ≤ l f u − v for all u, v ∈ X.
(ii) The function g belongs to PAP p (R × X, R, µ) and satisfy the property that there exists lg > , such that
Consequently all assumption (H-0)-(H4) are satis ed then by theorem (3.8) we deduce the following result. Under the above assumption, if l f + lg α < Then (5.1) has unique µ-pseudo almost periodic mild solution on R.
